According to Auslander. a Noetherian ring R is called rl-Gorenstein for II 2 1 if in a minimal injective resolution 0 + RR + E,, + E, + '.. + E,, +, ___, the flat dimension of each E, is at most i for i = 0. I. _. . II -1. We prove that for an rl-Gorenstein ring R of self-injective dimension II. the last term E, in a minimal injective resolution of x R has essential socle.
Introduction
Artinian algebra has finite self-injective dimension. Related to this conjecture, a ring R is said to have self-i~?jectice dimnsion n if both of K R and RR have injective dimension II and a Noetherian ring R is called a Gorenstein ring if R has finite self-injective dimension.
It is shown in Zaks [25] that, for a Noetherian ring R, if the injective dimensions of RR and R, are finite, then they coincide.
In the first part of this paper, wc will derive a module theoretical property from a homological property on minimal injective resolutions of Gorenstein rings and n-Gorenstein rings. Main results are concerned with the last term in a minimal injective resolution for a Gorenstein ring. We will show that, for an n-Gorenstein ring of self-injective dimension II. the last term has essential socle. In Fuller and Iwanaga [IO] . it is proved that the last term has nonzero socle in this situation. Moreover we will show that, for a Noetherian ring of a finite global dimension and a fully bounded Noetherian ring of finite self-injective dimension. the last terms have nonzero socles. In the second part, we will consider a maximal quotient ring and show that the 1-Gorenstein property is inherited by maximal quotient rings. Throughout this paper. we fix a minimal injective resolution for . R 
I. Minimal injective resolution
As we mentioned in the introduction.
the notion of n-Gorenstein rings is left-right symmetric and further Auslandcr characterizes them by the so-called Auslander condition [S] . As we use it in our argument, we write down the result [9] .
Theorem (Auslander). In the commutative case, Gorenstein rings have beautiful properties as described by Bass [2] . If R is a commutative Noctherian ring of self-injective dimension n, then Krull dimension of R is t7 and fd(E,) = i for all i (0 I i < n). Moreover an injective indecomposable module E = E(R!P)with P E Spec(R) embeds in Ei if and only if ht(P) = i. Hence, in particular, the last term E,, has essential socle. However, in the noncommutative case, there is a Noctherian ring of self-injective dimension n with fd(Ei) = n for all i. Thus it is reasonable to study the property of the last term E, for a Noetherian ring of self-injective dimension n. We will actually discuss the following question.
Question. Let (1) Extg(X. R) # 0,for an!' nonzero subrnodule X of E,. and so pd(X) = n or xl.
( 
Thus fd(E(S)) = fd(E(U)) = n.
Proof.
(1) In the exact sequence o + K,_~ +E,_, +E, -+O with E(K,,-,) = En-,.
X c E, z E,_,,IK,,_~ implies 0 # Ext;(X,K,_,) 2 Ext"x(X,R).
Hence pd(X) 2 n, that is pd(X) = n or yc: by 113, Theorem 21. Proofs of (2) and (3). Taking X = E as a nonzero direct summand of E, in (l), we have pd(E) 2 n and so pd(E) = u by [13, Theorem 21. For the remaining part of the proof, without loss of generality, E may be assumed indecomposable and then of the form E = E(U) for a finitely generated submodule
For any finitely generated submodule U of E,, we have from (1) and so fd(E(U)) = n again by 113. Proposition I]. Next write where V, are finitely generated submodules of E(S). Then, since Tor-functor commutes with direct limits. there exists a finitely generated submodule V, of E(S) with Tor:( V,, U) # 0. Similarly, we have Torf(Vz. E(C:)) # 0 for some finitely generated submodule T/2 of E(S). 0
In view of the proof of Proposition I (1). we have the following theorem, which is more general than our previous result in [14] .
Proof. Let E # 0 be an indecomposable direct summand in E0 and assume E is isomorphic to a direct summand in E,,. Then E = E(U) for some finitely generated submodule
Cl of E and in this cast, I/ = U r-R # 0. In the exact sequence To prove a main result. we need two facts. The first one indicates that, for an n-Gorenstein ring R of self-injectivc dimension II. the last term in a minimal injective resolution of RR involves a property diKerent from the other terms. Proof. Assume R is n-Gorenstein. Let X be a finitely generated right R-module and ,j I II. Then fd(Ei) I i for any i < 11 implies
Next, for any submodule M of Exti(X,R), we have an exact sequence
since Ei is injective, and consequently we obtain HomR(M, E;) = 0. To prove the sufficiency, let X be any finitely generated right R-module and i -e 17.
Then we have 0 = Hom,(ExtF '(X, R), E;) 2 TorF+ ,(X, Ei).
Hence we see fd(Ei) I i for any i < n. 0
The next proposition is crucial for the proof of our main result.
Proposition 4. Let R he an n-Gorenstein ring of self-injectice dimension n. Then Ext$(M, R) is un Artinian right R-module for al2y.finitely generated left R-module M.
Proof. Proof. Any injective indecomposable module E is of the form E = E(U) for some finitely generated submodule U of E. Let E be a nonzero direct summand in E,,. Then by Proposition l(2), there exists a finitely generated right R-module V with Torf( V, E(U)) # 0 and hence we have
As a consequence, E = E(U) has a nonzero Artinian submodule by Proposition 4 and so a simple submodule S. Therefore we obtain E = E(S) since E is injective indecomposable, and thus E, has essential socle. 0
As a byproduct of Theorem 6, we have Proof.
(1) immediately follows from Theorem 6. (2) Hoshino (oral communication)
proves that if E is injective indecomposable of flat dimension n, E appears as a direct summand of E,. Thus E 2 E(S) for some simple left module S. Here, pd(S) = n or cc by Proposition l(1).
(3) follows from Proposition l(3). 0
Besides the case of Theorem 6, we have another two types of Noetherian rings of finite self-injective dimension such that the last terms in minimal injective resolutions have nonzero socles. Recall that a ring is bounded if any essential onesided ideal contains a nonzero twosided ideal and that a ring R is,fully bounded if every prime factor ring RIP by a prime ideal P is bounded. is left exact from gl.dim R = n, the canonical embedding U +nit,, U/V, induces
Torf(E', U) c,Tor: (El, ,I,I, .,i).
Therefore we get
Tor:(E', E u/V;.) f 0.
Write E' = 5 Li (each Li is finitely generated submodule of E'). Since R is Noetherian and each Li is finitely generated, we have the following isomorphisms by Lenzing and so we get Extk(S,R) # 0, i.e. Soc(E,) # 0.
(2) Let LJk be any finitely generated nonzero submodule of EA. Then, by Proposition l(2), there exist a simple left R-module RS and a finitely generated submodule U of E(S) satisfying Torf(E(U'), U) # 0. Here, since R is fully bounded Noetherian, U is Artinian as a left R-module by Jategaonkar (4) Malliavin [19] also discusses the last term for an enveloping algebra of a solvable Lie algebra (cf. Theorems 3.4 and 3.6 in [19] Let R be an Artinian n-Gorenstcin ring with IZ 2 2 and 0 + P'(E,) --f P"(E,) -+ E, --t 0 a minimal projective resolution for El. It is well known that a projective cover of an injective module is injective and so P"(E, ) is projectiveeinjective. However all projective+injective indecomposables do not necessarily appear as a direct summand of PO(E,). Direct summands of P"(E, ) and P'(E,) can be characterized as follows.
Proposition 9. Let (
1) A projective indec~onlposahlc~ lqfi module P is a direct summand of P'(E,) if aud
only $id(P) = 1. 
Here E'(P) standsjbr an injectice Ml of E(P).IP.
(1) First of all, from pd(E1) I 1, E, is projective if and only if there is no projective module of injective dimension one. So we may assume pd(E1) = 1. Since (*) is also an injective resolution of P'(E,), we see id(P'(E,)) I 1 and hence any indecomposable direct summand of P'(E,) has injective dimension at most one. However P'(E,) is small in PO(E1) and so no direct summand of P'(E,) is injective, that is, every direct summand of P'(E,) has injective dimension one.
Conversely, let P be projective indecomposable of injective dimension one. Then
E(P)/P
is injective and E(P)/P is isomorphic to a direct summand of El. Now the exact sequence 0 + P + E(P) + E(P),'P + 0 is a minimal projective resolution of
by Tachikawa [24, (8.1) Lemma]. Hence E(P) isomorphic to a direct summand of PO(El) and so P appears as a direct summand of P'(E,).
(2) Let E, = E @ G such that G is projective-injective and pd(E) = 1, and assume there is no projective direct summand in E. Then P"(E1) = P'(E) @ G and we have two short exact sequences o-
where is a minimal projective resolution of E. Thus we can write as
with id(P,) = 1 by (1). Then we have
Only +I Let Q be an indecomposable summand of P"(E,). (i) If Q is a direct summand of @is,, E(P,), then we have SOC(Q) s SOC(Pi) for some Pi.
(ii) If Q is a direct summand of G, then Q is a projectiveeinjective direct summand of E,. Now E(,/R is a direct sum of modules of the form E( P).IP with P projective indecomposables and further it is an essential submodule of El. Thus Sot(Q) is monomorphic to Soc(E(P)/P) for some projective indecomposable P. J/I In case of(i). Q is a direct summand of E(P). Here E(P) is a direct summand of P"(E,), since 0 + P + E(P) + E(P)/P + 0 is a minimal projective resolution of E(P),IP and E(P)!P is a direct summand of E,. In case of (ii). Q is isomorphic to a direct summand of E(E(P)/ P). which is a direct summand of Er. Thus Q is a direct summand of P"(EI).
(3) Since D = E'(P) is a direct summand of El, we have the following commutative diagram o- and Soc(Re,) z S, and Soc(Re,) 2 S1. Projective indecomposables of injective dimension one are Rc2 and Re,. S, embeds in Re, but S1 is neither the case(i) nor (ii) in Proposition 9(2). Hence P"(El) is a direct sum of copies of Re,, and P'(E,) is a direct sum of copies of Rez and Re3.
(2) Let R be an algebra over a fkld given by the quiver with relations S/I = cy, ,lii = tic = 211 = ;@ = 0. Then R is an Auslander ring of global dimension 5. The primitive idempotents e; and simple left modules Si are the same as in (1). Re,, Re, and Re, are projectiveeinjective and Re, is the only one projective indecomposable of injective dimension one. In the isomorphisms Soc(Re,) 2 Sg, Soc(Re,) 2 S1 and Soc(Re,) z S3, we see S5 qRe3, S1 LtE(Re,)/Rrz and S3 ctE(Re,)/Re4. Therefore all projective-injective indecomposables appear in P"(El) as direct summands.
(3) Let R be an algebra over a field given by the quiver with relations z?-= ;fir = ;'S = 0 and /j8z = dyfl. Then R is 2Gorenstein but not 3-Gorenstein, and R has infinite self-injective dimension. Let Si be a simple left module corresponding to a vertex i (i = 1,2,3), Pi = P"(Si) a projective cover and Ii = EO(Si) an injective hull of Si, respectively. Then we have PI g I2 are projectiveeinjective id(P,) = 1, id(P,) = x, pdUl) = 1,
The minimal injective resolution of RR is
+ RR + I:") + II @(I, @ II) + II @ I3 + ... ,
and II = E'(P,) and I, @II = E'(P,). Hence E'(P,) z E'(PJ in the projectively stable category Mod(R). and hence KX/ Y is torsion. Therefore ,I' may be extended to an R-homomorphism y : X 4 Qtt' and then ~1 is actually a Q-monomorphism. In order to show that E( aQ) is flat as a Q-module, we use Lazard's result [6] . That is, we prove that, for any finitely generated left Q-module M and any Q-homomorphism u of M to E(QQ), ~1 factors through a free Q-module. Let u factor as u =,ip with p: M --t Im(tl) and .i: Im(u) =E(,Q).
Maximal quotient ring of a 1-Gorenstein ring
As we saw above, Im(zr) is torsionless and so embeds in a finitely generated free Q-module F, since Q is semiprimary by 121, Theorem 21. Then this embedding is extended to a Q-homomorphism of F to E(aQ). Consequently u factors through a finitely generated free module F. 0 E(P,)-E(P,).:P,-0.
x is manic and so is fi. Thus we have the following embedding Therefore E(t(E)) = E since t(E) # 0, and E is embedded in @ E, However @ El is I I projective and this is a contradiction.
(3) a(2): By the assumption, E, is projective and hence R is its own quotient ring. maximal left (2) * (1) follows from the fact we mentioned in the beginning of the proof. 0
